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Abstract The purpose of this paper is to give some symmetric identities of
higher-order degenerate Euler polynomials derived from the symmetric prop-
erties of the multivariate p-adic fermionic integrals on Zp.
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1 Introduction
Let p be a fixed prime such that p ≡ 1 (mod 2). Throughout this paper, Zp,
Qp, and Cp will denote the ring of p-adic integers, the field of p-adic numbers
and the completion of the algebraic closure of Qp, respectively. Let νp be the
normalized exponential valuation of Cp with |p|p = p
−νp(p) = p−1.
Let f (x) be a continuous function on Zp. Then p-adic fermionic integral
on Zp is defined by Kim as
∫
Zp
f (x) dµ−1 (x) = lim
N→∞
pN−1∑
x=0
f (x)µ−1
(
x+ pNZp
)
(1)
= lim
N→∞
pN−1∑
x=0
f (x) (−1)x , (see [8]) .
Dae San Kim
Department of Mathematics, Sogang University, Seoul 121-742, Republic of Korea
Tel.: +82-2-7058871
Fax: +82-2-7058871
E-mail: dskim@sogang.ac.kr
Taekyun Kim
Department of Mathematics, Kwangwoon University, Seoul 139-701, Republic of Korea
E-mail: tkkim@kw.ac.kr
2 Dae San Kim, Taekyun Kim
From (1), we note that∫
Zp
f (x+ 1)dµ−1 (x) +
∫
Zp
f (x) dµ−1 (x) = 2f (0) , (2)
and ∫
Zp
f (x+ n) dµ−1 (x) + (−1)
n−1
∫
Zp
f (x) dµ−1 (x)
= 2
n−1∑
l=0
(−1)
n−1−l
f (l) , (see [4]) . (3)
As is well known, the Euler polynomials are defined by the generating
function
2
et + 1
ext =
∞∑
n=0
En (x)
tn
n!
, (see [4,8]) . (4)
When x = 0, En = En (0) are called the Euler numbers.
For r ∈ N, the higher-order Euler polynomials are given by(
2
et + 1
)r
ext =
∞∑
n=0
E(r)n (x)
tn
n!
, (see [1,2,3,4,5,6,7,9,10]) (5)
In particular, x = 0, E
(r)
n = E
(r)
n (0) are called the Euler numbers of order
r.
From (2), we can easily derive the following equation:∫
Zp
· · ·
∫
Zp
e(x1+···+xr+x)tdµ−1 (x1) · · · dµ−1 (xr) (6)
=
(
2
et + 1
)r
ext
=
∞∑
n=0
E(r)n (x)
tn
n!
.
Thus, by (6), we get∫
Zp
· · ·
∫
Zp
(x1 + · · ·+ xr + x)
n
dµ−1 (x1) · · · dµ−1 (xr) = E
(r)
n (x) , (n ≥ 0) .
(7)
Carlitz introduced the degenerate Euler polynomials given by the generat-
ing function(
2
(1 + λt)
1
λ + 1
)
(1 + λt)
x
λ =
∞∑
n=0
En (x | λ)
tn
n!
, (see [5]) . (8)
When x = 0, En (0 | λ) = En (λ) are the degenerate Euler numbers. Note that
limλ→0 En,λ (x | λ) = En (x) .
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For r ∈ N, the higher-order degenerate Euler polynomials are also given
by the generating function(
2
(1 + λt)
1
λ + 1
)r
(1 + λt)
x
λ =
∞∑
n=0
E(r)n (x | λ)
tn
n!
. (9)
When x = 0, E
(r)
n (0 | λ) = E
(r)
n (λ) are called the higher-order degenerate
Euler numbers (see [2]).
In [8], Kim and Kim showed that the degenerate Euler polynomials can
be represented by a p-adic integral on Zp. Recently, several researchers have
studied the symmetric identities of higher-order Euler polynomials derived
from the symmetric properties of p-adic integrals on Zp(see [1,2,3,4,5,6,7,8,
9,10,11,12,13,14,15,16,17,18,19]).
In this paper, we investigate some properties of symmetry for the multivari-
ate p-adic fermionic integrals on Zp. From our investigation, we derive some
identities of symmetry for the higher-order degenerate Euler polynomials.
2 Identities of symmetry for the higher-order degenerate Euler
polynomials
In this section, we assume that λ, t ∈ Cp with |λt|p < p
−
1
p−1 . From (2), we can
derive the following equation:∫
Zp
· · ·
∫
Zp
(1 + λt)
x1+···+xr+x
λ dµ−1 (x1) · · · dµ−1 (xr) (10)
=
(
2
(1 + λt)
1
λ + 1
)r
(1 + λt)
x
λ
=
∞∑
n=0
E(r)n (x | λ)
tn
n!
.
Thus, by (10), we get, for n ≥ 0,∫
Zp
· · ·
∫
Zp
(x1 + · · ·+ xr + x | λ)n dµ−1 (x1) · · · dµ−1 (xr) = E
(r)
n (x | λ) ,
(11)
where
(x | λ)n = x (x− λ) · · · (x− λ (n− 1)) , (n ≥ 0) . (12)
From (12), we note that
(x | λ)n =
n∑
l=0
S1 (n, l)λ
n−lxl, (n ≥ 0) , (13)
where S1 (n, l) is the Stirling number of the first kind.
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From (3), we have, for m ≥ 0,
2
n−1∑
l=0
(−1)
n−1−l
(l | λ)m (14)
=
∫
Zp
(x+ n | λ)m dµ−1 (x) + (−1)
n−1
∫
Zp
(x | λ)m dµ−1 (x) .
For n ∈ N with n ≡ 1 (mod 2), we get
2
n−1∑
l=0
(−1)
l
(l | λ)m = Em (n | λ) + Em (λ) , (m ≥ 0) . (15)
Let us define S˜k (n | λ) as follows:
S˜k (n | λ) =
n∑
l=0
(−1)
l
(l | λ)k , (k, n ≥ 0) . (16)
Then, we note that
lim
λ→0
S˜k (n | λ) =
n∑
l=0
(−1)l lk = S˜k (n) . (17)
Let n ∈ N with n ≡ 1 (mod 2). Then we get
2
∫
Zp
(1 + λt)
x
λ dµ−1 (x)∫
Zp
(1 + λt)
nx
λ dµ−1 (x)
(18)
=
∫
Zp
(1 + λt)
n+x
λ dµ−1 (x) +
∫
Zp
(1 + λt)
x
λ dµ−1 (x)
= 2
n−1∑
l=0
(−1)
l
(1 + λt)
l
λ
= 2
∞∑
k=0
S˜k (n− 1 | λ)
tk
k!
.
Let w1, w2 ∈ N, with w1 ≡ 1 (mod 2), w2 ≡ 1 (mod 2). For m ∈ N, we
define
K(m) (w1, w2 | λ) (19)
=
(
2
(1 + λt)
w1
λ + 1
)m
(1 + λt)
w1w2x
λ
(
(1 + λt)
w1w2
λ + 1
)
×
(
2
(1 + λt)
w2
λ + 1
)m
1
2
(1 + λt)
w1w2
λ
y
.
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From (3), we note that
K(m) (w1, w2 | λ) =
∫
Zmp
(1 + λt)
w1
λ
(x1+···+xm+w2x) dµ−1 (x1) · · · dµ−1 (xm)∫
Zp
(1 + λt)
w1w2
λ
x
dµ−1 (x)
(20)
×
∫
Zmp
(1 + λt)
w2
λ
(x1+···+xm+w1y) dµ−1 (x1) · · · dµ−1 (xm) ,
where ∫
Zmp
f (x1, . . . , xm) dµ−1 (x1) · · · dµ−1 (xm) (21)
=
∫
Zp
· · ·
∫
Zp
f (x1, . . . , xm) dµ−1 (x1) · · · dµ−1 (xm) .
It is easy to see that K(m) (w1, w2 | λ) is symmetric in w1 and w2. Now,
we observe that
K(m) (w1, w2 | λ) (22)
= (1 + λt)
w1w2
λ
x
∫
Zmp
(1 + λt)
w1
λ
(x1+···+xm) dµ−1 (x1) · · · dµ−1 (xm)
×
∫
Zp
(1 + λt)
w2
λ
xm dµ−1 (xm)∫
Zp
(1 + λt)
1
λ
w1w2x dµ−1 (x)
× (1 + λt)
1
λ
w1w2y
∫
Z
m−1
p
(1 + λt)
w2
λ
(x1+···+xm−1) dµ−1 (x1) · · · dµ−1 (xm−1) .
By (10), we get
(1 + λt)
w1w2
λ
x
∫
Zmp
(1 + λt)
w1
λ
(x1+···+xm) dµ−1 (x1) · · · dµ−1 (xm) (23)
=
(
2
(1 + λt)
w1
λ + 1
)m
(1 + λt)
w1w2
λ
x
=
∞∑
n=0
E(m)n
(
w2x
∣∣∣∣ λw1
)
wn1
tn
n!
.
From (18), (22) and (23), we have
K(m) (w1, w2, | λ) (24)
=
∞∑
l=0
E
(m)
l
(
w2x
∣∣∣∣ λw1
)
wl1
tl
l!
∞∑
k=0
S˜k
(
w1 − 1
∣∣∣∣ λw2
)
wk2
k!
tk
×
∞∑
i=0
E
(m−1)
i
(
w1y
∣∣∣∣ λw2
)
wi2
i!
ti
6 Dae San Kim, Taekyun Kim
=
∞∑
l=0
E
(m)
l
(
w2x
∣∣∣∣ λw1
)
wl1
tl
l!
×
∞∑
j=0
j∑
k=0
S˜k
(
w1 − 1
∣∣∣∣ λw2
)(
j
k
)
wk2w
j−k
2 E
(m−1)
j−k
(
w1y
∣∣∣∣ λw2
)
tj
j!
=
∞∑
n=0
n∑
j=0
(
n
j
)
w
j
2w
n−j
1 E
(m)
n−j
(
w2x
∣∣∣∣ λw1
)
×
j∑
k=0
S˜k
(
w1 − 1
∣∣∣∣ λw2
)(
j
k
)
E
(m−1)
j−k
(
w1y
∣∣∣∣ λw2
)
tn
n!
.
On the other hand,
K(m) (w1, w2 | λ) (25)
=
∞∑
n=0
n∑
j=0
(
n
j
)
w
j
1w
n−j
2 E
(m)
n−j
(
w1x
∣∣∣∣ λw2
)
×
j∑
k=0
S˜k
(
w2 − 1
∣∣∣∣ λw1
)(
j
k
)
E
(m−1)
j−k
(
w2y
∣∣∣∣ λw1
)
tn
n!
.
Therefore, by (24) and (25), we obtain the following theorem.
Theorem 1 For w1, w2 ∈ N, with w1 ≡ 1 (mod 2), w2 ≡ 1 (mod 2), n ≥ 0
and m ∈ N, we have
n∑
j=0
(
n
j
)
w
j
2w
n−j
1 E
(m)
n−j
(
w2x
∣∣∣∣ λw1
) j∑
k=0
S˜k
(
w1 − 1
∣∣∣∣ λw2
)(
j
k
)
E
(m−1)
j−k
(
w1y
∣∣∣∣ λw2
)
=
n∑
j=0
(
n
j
)
w
j
1w
n−j
2 E
(m)
n−j
(
w1x
∣∣∣∣ λw2
) j∑
k=0
S˜k
(
w2 − 1
∣∣∣∣ λw1
)(
j
k
)
E
(m−1)
j−k
(
w2y
∣∣∣∣ λw1
)
.
Let y = 0 and m = 1 in Theorem 1. Then we have the following theorem.
Theorem 2 For n ≥ 0, w1, w2 ∈ N with w1 ≡ 1, w2 ≡ 1 (mod 2), we have
n∑
j=0
(
n
j
)
w
j
2w
n−j
1 En−j
(
w2x
∣∣∣∣ λw1
)
S˜j
(
w1 − 1
∣∣∣∣ λw2
)
=
n∑
j=0
(
n
j
)
w
j
1w
n−j
2 En−j
(
w1x
∣∣∣∣ λw2
)
S˜j
(
w2 − 1
∣∣∣∣ λw1
)
.
In particular, if we take w2 = 1 in Theorem 2, then we obtain the following
corollary.
Corollary 3 For w1 ∈ N with w1 ≡ 1 (mod 2), n ≥ 0, we have
En (w1x | λ) =
n∑
j=0
(
n
j
)
w
n−j
1 En−j
(
x
∣∣∣∣ λw1
)
S˜j (w1 − 1 | λ) .
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From (19), we have
K(m) (w1, w2 | λ) (26)
=
(
2
(1 + λt)
w1
λ + 1
)m
(1 + λt)
w1w2
λ
x
×
(1 + λt)
w1w2
λ + 1
(1 + λt)
w2
λ + 1
(
2
(1 + λt)
w2
λ + 1
)m−1
(1 + λt)
w1w2
λ
y
=
(
2
(1 + λt)
w1
λ + 1
)m w1−1∑
i=0
(−1)
i
(1 + λt)
w1w2
λ
x+
w2
λ
i
×
(
2
(1 + λt)
w2
λ + 1
)m−1
(1 + λt)
w1w2
λ
y
=
w1−1∑
i=0
(−1)
i
∞∑
k=0
E
(m)
k
(
w2x+
w2
w1
i
∣∣∣∣ λw1
)
wk1
tk
k!
×
∞∑
l=0
E
(m−1)
l
(
w1y|
λ
w2
)
wl2
tl
l!
=
∞∑
n=0
n∑
k=0
(
n
k
)w1−1∑
i=0
(−1)
i
E
(m)
k
(
w2x+
w2
w1
i
∣∣∣∣ λw1
)
wk1
×E
(m−1)
n−k
(
w1y|
λ
w2
)
wn−k2
tn
n!
.
On the other hand, by the symmetric properties of K(m) (w1, w2 | λ) in w1
and w2, we get
K(m) (w1, w2 | λ) (27)
=
∞∑
n=0
n∑
k=0
(
n
k
)
wk2w
n−k
1 E
(m−1)
n−k
(
w2y|
λ
w1
)
×
w2−1∑
i=0
(−1)i E
(m)
k
(
w1x+
w1
w2
i
∣∣∣∣ λw2
)
tn
n!
.
Therefore, by comparing the coefficients on the both sides of (26) and (27),
we obtain the following theorem.
Theorem 4 For w1, w2 ∈ N with w1 ≡ 1, w2 ≡ 1 (mod 2) and n ≥ 0 and
m ≥ 1, we have
n∑
k=0
(
n
k
)
wk1w
n−k
2 E
(m−1)
n−k
(
w1y|
λ
w2
)w1−1∑
i=0
(−1)
i
E
(m)
k
(
w2x+
w2
w1
i
∣∣∣∣ λw1
)
=
n∑
k=0
(
n
k
)
wk2w
n−k
1 E
(m−1)
n−k
(
w2y|
λ
w1
)w2−1∑
i=0
(−1)i E
(m)
k
(
w1x+
w1
w2
i
∣∣∣∣ λw2
)
.
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Let y = 0 and m = 1 in Theorem 4. Then we have the following corollary.
Corollary 5 For w1, w2 ∈ N with w1 ≡ 1, w2 ≡ 1 (mod 2), n ≥ 0, we have
wn1
w1−1∑
i=0
(−1)
i
En
(
w2x+
w2
w1
i
∣∣∣∣ λw1
)
= wn2
w2−1∑
i=0
(−1)
i
En
(
w1x+
w1
w2
i
∣∣∣∣ λw2
)
.
Let us take w2 = 1 in Corollary 5. Then we have
wn1
w1−1∑
i=0
(−1)
i
En
(
x+
1
w1
i
∣∣∣∣ λw1
)
= En (w1x | λ) .
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